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Abstract-This paper eramines with a few eram-
ples, the Lagrange multipliers- Locational Marginal
Price (LMF), Shadow Prices which are scalar
quantitics for unconstrained and constrained DC
power flow differentiable functions. They are evalu-
ated through optimization process by increasing the
constrained parameter a unit. Lagrange multipliers
deal with both equality and ineguality constraints
which restrict the feasible region to points by lying
on some surface inside the real part. Lagrangion
function is applied to a linear programming problem
(LPP) which is defined as the problem of mari-
mizing or minimizing a linear function subject to
linear constraints. A few case studies are provided

to calculate Lagrange multipliers for a 3-bus, 5-bus
and &-bus unconstrained and constrained power
flow in electrical power systems which are popularly
called as ‘shadow prices’ when line congestion takes
place in transmitting power. In this paper it reveals
that the calculated LMP at any bus is the Lagrange
multiplier for the bus equality constraint in OPF.
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1 Introduction

Joseph-Louis Lagrange devised a beautiful method
that preserves the symmetry of the variables with-
out elimination. The Lagrangian function is formed
as Liz) = f(r) + E;)\jhj(;i:) where A; is a scalar
multiplier associated with constraint fi;. If % is a
stationary point (minimum or maximum or a point
of inflection), then it is necessary that the following

conditions be satisfied can be written as

VoL =0 and
h=0

Optimality conditions [1] can be used to obtain
canditate solutions or to verify if a given point z* is
a minimum point. Lagrangian multiplier [2] is the
rate at which we could increase the Lagrangian if
we were to raise the constraint from zero.

The concept of Locational Marginal Price known
as nodal price was first developed by Schweppe [3].
LMPs can be derived either by ACOPF model or by
DCOPF model as cited by Momoh. The linearized
ACOPF model is DCOPF model & 1= widely used
for LMP calculation in power market operation [4]
as cited by Litvinov in 2004, There are two forms of
DCOPFEF models-‘full structured” & ‘reduced form’
cited by Shahidepour & Li [5]. The reduced form
DCOPFE model solves out for voltage angles using
real power balance equations. Though ACOPF
model is more accurate than the DCOPF model,
it 18 60 times slower than the DC model as cited
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by Owverbye. Locational Marginal Price (LMP) [6]
15 defined as the marginal cost of supplyving the
next increment of electric energy at a specific bus
while considering the generation marginal cost and
the physical aspects of the transmission system.
LMP-hased market [7] pricing approach is to man-
age the efficient use of transmission system when
congestion [8] occurs on bulk power grids. With
the restructuring, into the electric power industry,
the price of electricity has become the focus of all
activities in the power markret and LMPs provide
important economic signals [9] that fully reflect
both system and market operations at a specified
tune. In other words LMPs are the ‘shadow prices’
of the real power balance equality constraints of an
optimization problem [10] that maximizes the total
social welfare function, based on the offer and hid
functions [11] of the sellers and buyers respectively,
for a specified point of time.

LMP 1s popularly defined as the change in produc-
tion cost to optimally deliver an increment of load
at the locations while satistying all the constraints.
Neglecting losses,

LMP = LMP,pergy + LM Prypgeation

2 Evaluating the LMPs and
the shadow prices through
LP problems applied in
Power system.

2.1 Example 1

A case Study-1, with 3 buses and 3 lines.

€y = Rs10/MWh
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Oz = Rs20/MWh

Busl Linel Bus2
1 1
Line2
Figl
@ Cy = Rs50/MWh
Given data-
In a 3 bus system, Figl, the conditions are,
1. Load=90MW

2. Gen Max.Capacity=120MW

3. Line Max Capacity=50MW
4. All lines have equal reactances
5. Bus no 3 is the reference bus.

2 -1 -1

SO, Yors= -1 2 -1

-1 -1 2
[2;3 1/3 n]
& X=Bensitivity Matrix=11/3 2/3 0
[u 0 uJ

is calculated by appending with zeros at the
drd row & 3rd column as bus no 3 is the reference
hus and inverting the rest of the matrix of the Yo s.

Applying DCOPF analysis,
o=z 25 o 7 |

6] [0 0 of [P o0l
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So,

P3=2/3*F +1/3* Py
Poa=1/3*F; +2/3% Py,
Pya=1/3*F;-1/3*Pys
where Pia, Pag, Pia, Py, Ppa, Fya, 61, #2, 3 are
the line flows, generations & bus voltage angles.
For unconstrained case and no line limits
Let Pglz.:r:l, szzxz, ngz.r;;
Minimize 10 # zy + 20 % z2 + 50 % 23
st x) +x3+x3="00
| :_’ 0
Ty = 120
T2 :_’ 0
Ty < 120
I3 2 0
ra < 120

Results are z,=90, z,=0, z;=0. So,
Pr3=060, P23=30.
As the line limit is imposed, the constrained line
Py3 18 set to be at 50MW.

Mimimize 10 # 3, + 20 % 25 + 50 % x4

P]_ZZSD._

sty + o0+ 3z =90
23+ +1/3 %2, <50
£y :_:’ D

T = 120

i) :_3 0

ra = 120

x5 =0

rs < 120

Results are x,=60, x5
Pia=50, Poy=40.

=3D, 1'3=D. SD,_ _P1?=10._

Through Lagrange's method the same result is
obtained.

L=10%x; + 20 % 22 + 50 % 24

+A% (—x) — 35 — 5 + 90)

4 [2,{3 * .1:1:- 1;’3: xz — 50)

Setting, 2 31—1 T =z = % iéé—ﬂ
where A, p are t}?]e Lagrange mu]tlpliers, Omn solving,
10-A+2/3xp=0

20-A+1/3+p=10

1 + 22 +x3 =90

2/3+x +1/3%x, =50

Results are x,=>60, £,=30, x53=0 is the only feasible
solution, other values =0, z,=150, x,=75, x,=0
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are discarded due to limitations. A=30, p=30.
Increasing the load from 90MW to O1MW, the
change n cost 1s 30. So A=30. Increasing the line
limit to 51MW, the change in cost 15 30. So u=30.
To caleulate the ‘shadow price’, by increasing
the constraint line to 1MW the change in cost is
calculated.

Minimize 10 % z; + 20 % x2 + 50 % x4
sty + oy +ag =90
2/3xxy +1/3%x; <5041
I EU‘
xrp = 120
T 20
T = 120
I:;:ED
Tz < 120

Results are x,=63, ,=27, x3=0. So, decrease in

cost=(63-60)*10+4+(27-30)*20=-30. So p=30.
To find the LMPs hy an extra load at buses,

Minimize 10 % zy + 20 x5 + 50 % 24
stary +xo+xy3=00+1
2%z +1/3 % (x, — 1) =50
I EU‘
rp = 120
IzEU‘

T < 120
.1'320‘
ra < 120

are a1 =6,
Change in cost=20.

Results
So, LM Py=

Minimize 10+ z; + 20 % x5 4+ 50 % x5
sty +E 4T3 =004+1
2/3%x) +1/3%xy <50
I E 0
xp = 120
Iz 2 0
s = 120
I3 :2 D
x5 < 120
Results are z,=h0,
S0, LM Py=Change in cost=30.
Similarly LM Py=10.

Ia =31, .‘I,'3='D.

&Ly =32,

.'I'3=ﬂ.
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2.2 Example 2
A case Study-II, with 5 buses and 6 lines.

A PIM-5 bus study, Fig2, six lines test system is a
standard test case. The system is roughly divided
into two areas, a generation center consisting of bus
| and 5 with three low cost generation units and a
load center consisting of buses 2, 3 and 4 and two
high cost generating units.

¢
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1.3303 0.7854 0.5760 0 1.0045
0.7854 2.1226 1.5566 0 0.6462
X=|0.5760 1.5566 1.9335 0 04739 where X
0 0 0 0 0
[1 0045 0.6462 04739 0 1 .42?EIJ

is the Sensitivity matrix.

Let p]_;,_. PH,_ P‘L‘g, Pz:g, _P;],.;._ P51 are the line flows as

F;; represent the line flows from bus i to j.
Table-1
Let Pypi=x1, Pya=23, Pja=x3, Fpu=z4, Pys=15
Line Data | 12 | 1.1 | 15 |23 | 34 |54
X 281 [ 304 | 064 | 1.08 | 207 | 297
Limit 000 | 090 | 999 | 004 | 090 | 240 Minimize
d*xy +15%3: + 30213 + 35«2y + 10 %35
Tahle-I1 a.t Iy + I —_ Iy — Iy —_ Iy = gDD Iy :_> D., I E 11{:',
= T2 = 0, 00 < 100, 3 = 0, x4 < 520, x4 = 0,
Gen | Pnin | Prnar | Marginal Cost 24 < 200, 25 > 0, 5 < 600, Py < 000, P,y < 000,
G | 0 | 110 14 Piy < 099, Poy < 000, Py, < 009, Ps, < 240
Gz | 0 | 100 15 Results are z,=110, 2,=100, z,=0, x,=116.0702
Gz | 0 | 520 30 and 75=573.0208. Total Cost=12,842.
G, |0 [ 200 35
G, 0 600 10 To calculate the ‘shadow price’,

o)
=Pl Minimize
'Busd Mer) +15%xe + 3022 + 352y + 105 x5

sty +as Loy taogLas =000, 2y =0, 2y < 110,
Ta :3 0,_ I <_: IDG Ia 2 0,_ I <_: 520, Ty Z'D,
Iy i: 200 Is 2 D. I5 S GU’D. .P15 i: ggg‘. .P]1 i: ggg‘
Py < 999, Py < 099, Py < 999, Py, < 240 + 1

Results are z;=110, z,=100, x3=0, z,=113.9979

and z;=576.0021.
#@ So, ‘shadow  price’  pug_s=(113.0070-
| 116.0792)*35-+(576.0021-573.90208) *10=-52.0325

a

Bus2
Fig2

Busl

Loads are inelastic and are J00MW each. Bus
taken as the slack bus.

Busd je net savings or net decrease in cost.

To ecalculate the LMPs, for example
put an extra fictious load at bus 1.

LMP,,

4 is Minimize

Mex; + 15+ + 30333+ 3522y + 10535

235 |Page




International Journal of Advance Research in Science and Engineering g,

Vol. No.6, Issue No. 02, February 2017 TJARSE
v ISSN (0) 2319 - 8354
www.ijarse.com ISSN (P) 2319 - 8346

st +xetry3tag+r;=W0+1, 2 20,

r1 < 110, x2 = 0, 32 < 100, x5 = 0, x5 < 520, Line No. | From Bus | To Bus | X p.u | LineLimit
2y =0, 2y <200, 25 = 0, 25 < 600, L1 1 2 0.03 200
1/2.07 % (1.0045 = (x, + 22 — 1) — 103.86 + 0.4730 = .2 1 1 0.03 200
(3 — 300) + 1.4270 % z5) < 240 L3 p) 3 0.011 200
L1 3 1 0.03 60
Results are z1=110, z,=100, z3=0, z,=116.3122 L5 4 2 0.008 22
and z5=574.6878 L6 2 6 0.02 110
L7 6 1 0.02 75
So, LMP,= Change in cost=(116.3122- L8 7 4 0.015 200
116.0792)*354-(574.6878-573.0208) *10=15.825 L9 7 8 0.022 200
Similarly LM P;=23.6775, LM P3=26.6975, L10 ) 3 0.018 200

LMP,=35, LMP,=10.0

- Bus 1 is the reference bus.
2.3 Example 3 L 2
A case Study-III, with 8 buses and 10 lines.
Generating Units Information
4 é

Table-I11 5

Bus No. c b a | Poin | Prax _ Q Fig3 i
1 0.0060 | 18 [100] & 20 6 0 o 0o o0 0 0 0
3 N N N - ~ 0 186 144 7 59 290 9 12
3 0ol | .02 | 165 E =0 0 144 197 06 8 4 123 164
1 0.0030 19 112 0 0 X102 0o 7 06 141 11.8 50 120 111
5 0.0040 | 101 | 110 0 a0 0 59 8 118 165 82 108 02
G 0.0040 0 120 10 =0 0 29 4 50 82 141 54 46
= 00035 | 03 100 70 200 0 o 123 129 108 54 237 174
g . - - - - 0 12 164 111 92 46 174 26.5]

Line flows of Py;, Psg gets overloaded.

where the units of ¢, b, a are Rs/MWh?2, Rs/MWh

& Rs/h respectively. LM Py=6091.6-6068.8=22 8, LM P,=6087.7-
G068.8=18.9, LM Py=6086.4-6068.8=17.6,
LM P,=6083.9-6068.8=15.1, LM P,=6080.7-
Line Parameters Information G068.8=11.0, LM FPr=6099_3-6068.8=230.5,
LM P;=6084.5-6068.8=15.7, LM Py=6085.6-
G068.8=16.8. Shadow Price= Decrease in
Table-IV cost=6042.6-6068.8=-26.2
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3 Conclusion

Locational Marginal Pricing (LMP) plays an
important role in restructured power markets. Dif-
ferent DCOPF models are presented to prove that
LMPs and the ‘Shadow prices’ are the Lagrange
multipliers of the unconstrained and constrained
power flow in the power system. The bus which
has the highest LMP means the buyer who buys
the power from this bus has to pay more and the
bus which has the lowest LMP means every buver
wants to buy power from that bus and this crates
congestion in that transmission lines. Therefore it
is necessary to reduce the output of cheaper units
and increase the output of more expensive units to
reduce the congestion and to enhance the reliability
and security of the transmission line.

Appendix

The loads at bus 2, 3, 4, 6 & 8 are 534, T1.2,
33.2, 186.9 & 84.55 MW respectively m Figd. X 1s
:he sensitivity matrix.
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